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Abstract
Let (T, h) and (M,ϕ) be two Riemannian manifolds and
(J1(T,M), S = h+ ϕ+ h−1 ∗ ϕ)
the first-order jet fibre bundle, endowed with Sasakian-like metric S, associated
to these manifolds. Developing our ideas from [7], [20], we show that a given
first-order PDEs system on J1(T,M), and the Riemannian metric S, determine
an ElectroDynamics Metrical Multi-Time Lagrange Space
PDEsEDML
n
p = (J
1(T,M), L),
where L : J1(T,M)→ R is a quadratic Lagrangian function of electrodynamics
type [9], In this new geometrical structure, all C2 solutions of the starting PDEs
system become harmonic maps, being extremals of a least squares problem of
variational calculus. Our ideas are structured in the following way:
1) we find a suitable geometrical structure on J1(T,M) that convert the
solutions of a given PDEs system into harmonic maps (Section 1);
2) we build a natural geometry induced by a such PDEs system (Section 2);
3) we construct a field theory, in a general setting, naturally attached to this
PDEs system (Section 3).
Consequently, we give a complete answer to our generalization [8], [19] of a
problem rised by Poincare´, studied by others, but unfinalized for a long time
because of the absence of a suitable geometrical structure. The Poincare´ problem
was solved recently by the first author [18], using the Lagrangian Geometry [6].
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Key words: 1-jet fibre bundle, PDE systems, harmonic maps, inverse problem,
generalized Maxwell and Einstein equations.
1 Generalized Lorentz-Udris¸te world-force law and
a generalized approach of inverse problem
Let T and M be two smooth, real, connected manifolds of dimensions p and n,
with coordinates (tα)α=1,p and (x
i)i=1,n. Greek, respectively Latin, letters will be
used for indexing the components of geometrical objects attached to the manifold T ,
respectively M .
From physical point of view, T is regarded like a ”multi-temporal” manifold while
the manifold M like a ”spatial” one. Let us consider the jet fibre bundle of order one
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J1(T,M), which is well known as a basic object in the study of classical and quantum
field theories. The local coordinates on J1(T,M) are (tα, xi, xiα), where x
i
α have the
physical meaning of ”partial directions” or ”partial derivatives”.
Let us start with a given d-tensor X
(i)
(α)(t
γ , xk) on J1(T,M), which defines the
PDEs system of order one
xiα = X
(i)
(α)(t
γ , xk(tγ)),(1.1)
where xiα =
∂xi
∂tα
. Obviously, the complete integrability conditions,
∂X
(i)
(α)
∂tβ
+
∂X
(i)
(α)
∂xm
X
(m)
(β) =
∂X
(i)
(β)
∂tα
+
∂X
(i)
(β)
∂xm
X
(m)
(α) ,
are required by the existence of solutions.
The Lorentz world-force law, initially stated for particles in non-quantum relativity
[14], was generalized by Udris¸te, using the notion of potential map [19], [22]. In this
direction, starting with h = (hαβ(t
γ)) and ϕ = (ϕij(x
k)) as semi-Riemannian metrics
on T , respectively M , the first author proved the following
Theorem 1.1 (Lorentz-Udris¸te World-Force Law)
Every C2 solution of the PDEs system (1.1) is a horizontal potential map of the
semi-Riemannian-Lagrange manifold
(T ×M, h+ ϕ, M (i)(α)β = −Hµαβxiµ, N
(i)
(α)j = γ
i
jmx
m
α − F ijα),
where Hµαβ (resp. γ
i
jk) are the Christoffel symbols of hαβ (resp. ϕij), and
F ijα = ∇jX(i)(α) − ϕirϕjs∇rX
(s)
(α)
is the external distinguished tensor field which characterizes the helicity of the distin-
guished tensor field X
(i)
(α).
A new version of the Lorentz-Udris¸te World-Force Law was formulated by the
second author. Its advantage is the possibility of construction a generalized field
theory, naturally attached to the PDEs system (1.1).
In order to give this version, we suppose that the metrics h and ϕ are just Rieman-
nian metrics and we endow the jet fibre bundle J1(T,M) with the canonical nonlinear
connection Γ0 = (
0
M
(i)
(α)β ,
0
N
(i)
(α)j) associated to the Riemannian metrics pair (h, ϕ),
where
0
M
(i)
(α)β = −Hµαβxiµ,
0
N
(i)
(α)j = γ
i
jmx
m
α .
At the same time, let us consider BΓ0 = (H
γ
αβ , 0, γ
i
jk, 0) the Berwald Γ0-linear con-
nection on J1(T,M) and ”//β”, ”‖j”, ”‖(β)(i) ” its local covariant derivatives [10].
Taking into account the xmµ -independence of the d-tensor field X
(i)
(α), by a simple
calculation, we obtain
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Proposition 1.2 The horizontal local covariant derivatives of X
(i)
(α) have the follow-
ing expressions:
X
(i)
(α)//β =
∂X
(i)
(α)
∂tβ
−X(i)(µ)Hµαβ ,
X
(i)
(α)‖j =
∂X
(i)
(α)
∂xj
+X
(m)
(α) γ
i
mj .
In this context, supposing that T is a compact and orientable manifold, it follows
the following generalization of the Theorem 1.1.
Theorem 1.3 (Generalized Lorentz-Udris¸te World-Force Law)
The C2 solutions of the PDEs system (1.1) are harmonic maps of the multi-time
dependent spray (H,G) on J1(T,M), defined by the temporal components
H
(i)
(α)β = −
1
2
Hγαβx
i
γ ,(1.2)
and the local spatial components
G
(i)
(α)β =
1
2
γijkx
j
αx
k
β + hαβF
i,
where,
F i =
hµν
2p
{
ϕilX
(s)
(ν)‖lϕsr
[
X
(r)
(µ) − xrµ
]
+X
(i)
(ν)‖mx
m
µ +X
(i)
(ν)//µ
}
, p = dimT.
In other words, the C2 solutions of (1.1) verify the harmonic map equations [9], [11],
hαβ
{
xiαβ + 2H
(i)
(α)β + 2G
(i)
(α)β
}
= 0.
Proof. Let us consider the multi-time least squares Lagrangian
L = ‖C−X‖2
√
h =
{
hαβ(t
γ)ϕij(x
k)
[
xiα −X(i)(α)
] [
xjβ −X(j)(β)
]}√
h =
=
{
hαβ(tγ)ϕij(x
k)xiαx
j
β + U
(α)
(i) (t
γ , xk)xiα +Φ(t
γ , xk)
}√
h,
where
C = xiα
∂
∂xiα
, U
(α)
(i) = −2hαµϕimX
(m)
(µ) ,
X = X
(i)
(α)
∂
∂xiα
, Φ = hµνϕrsX
(r)
(µ)X
(s)
(ν),
(1.3)
and let EL : C2(T,M) → R+ (note that the Riemannian metrics hαβ and ϕij are
positive definite) be the least squares energy of L, i. e. ,
EL =
∫
T
Ldt1 ∧ dt2 ∧ . . . ∧ dtp =
∫
T
‖C−X‖2
√
hdt1 ∧ dt2 ∧ . . . ∧ dtp ≥ 0.
It is obvious now that f ∈ C2(T,M), locally expressed by (tγ) → (xi(tγ)), is a
solution of the PDEs system (1.1) iff the map f is a global minimum point for the
3
least squares energy functional EL. Therefore, a C2 solution f of (1.1) verifies the
Euler-Lagrange equations,
∂L
∂xi
− ∂
∂tα
(
∂L
∂xiα
)
= 0, ∀ i = 1, n.(1.4)
But, we proved in the paper [9] that the Euler-Lagrange equations (1.4) can be rear-
ranged in the general Poisson form,
hαβ
{
xiαβ + 2H
(i)
(α)β + 2G
(i)
(α)β
}
= 0,
where the temporal spray components H
(i)
(α)β are given by (1.2), while the spatial
spray components have the expressions
G
(i)
(α)β =
1
2
γijkx
j
αx
k
β +
hαβg
il
4p

U (µ)(l)mxmµ + ∂U
(µ)
(l)
∂tµ
+ U
(µ)
(l) H
γ
µγ −
∂Φ
∂xl

 ,
where p = dimT and
U
(α)
(i)j =
∂U
(α)
(i)
∂xj
−
∂U
(α)
(j)
∂xi
.
Now, using the relations (1.3) and direct computations, it follows
U
(α)
(i)j = −2hαµ
[
ϕimX
(m)
(µ)‖j − ϕjmX
(m)
(µ)‖i
]
,
∂U
(α)
(i)
∂tα
+ U
(ν)
(i) H
α
να = −2hµνϕimX(m)(µ)//ν ,
∂Φ
∂xl
= 2hµνϕmrX
(m)
(µ) X
(r)
(ν)‖l.
Remark 1.1 The method used in the proof of the theorem 1.3 is a general one
and may be called the least squares variational calculus method. For example, let us
consider X a d-tensor field on the jet fibre bundle of r-order Jr(T,M), supposed as
being endowed with an ”a priori” Riemannian metric <,>, and let X(t, x(r)) = 0 be
the associated r-order PDEs system. Automatically, we can attach a least squares
problem of variational calculus, using the Lagrangian function L = ‖X‖2, where the
norm ‖ ‖ is buildet by the metric <,>. This remark works on any DEs or PDEs
system. As example, the Yang-Mills functional
YM(∇) = 1
2
∫
M
‖R∇‖2dVg,
on the space of connections ∇, is the least squares functional attached to the PDEs
system R∇ = 0. In this sense, YM(∇) measures the deviation from flatness.
The theorem 1.3 shows that the C2 solutions of the PDEs system (1.1) can be
viewed like some harmonic maps on J1(T,M), via two ”a priori” fixed Riemannian
metrics h on T , respectively ϕ on M .
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We recall the well known fact that paracompactness of a real manifold implies
the existence of a Riemannian metric. So, we can restrict the imposed condition
concerning the ”a priori” existence of the Riemannian metrics h and ϕ, supposing
the paracompactness of the manifolds T and M .
In conclusion, we can formulate the following
Corollary 1.4 If T and M are paracompact manifolds, then the C2 solutions of the
PDEs system of order one (1.1) can be regarded like harmonic maps on the jet fibre
bundle of order one J1(T,M), in the sense of theorem 1.3.
In the sequel, let us denote Js(T,M) the total space of the jet fibre bundle of
order s, whose local coordinates are
(t, x(s)) = (tγ , xk, xkγ1 , x
k
γ1γ2 , . . . , x
k
γ1γ2...γs),
where the coordinates xkγ1γ2...γl , l ∈ {1, 2, . . . , s}, k ∈ {1, 2, . . . , n}, have the meaning
of ”partial derivatives of order l of the spatial variables xk, with respect to the temporal
variables tγ1 , tγ2 , . . . , tγl”.
Lemma 1.5 The dimension of the total space of the jet fibre bundle Js(T,M) is
p+ n
[
C0p + C
1
p + . . .+ C
s−1
p
]
,
where dim T = p and dimM = n.
Let us consider the PDEs system of order r ≥ 1 on Jr(T,M), locally expressed by
xiα1α2...αr−1αr = X
(i)
α1α2...αr−1(αr)
(t, x(r−1)),(1.5)
where X
(i)
α1α2...αr−1(αr)
is a d-tensor field on Jr(T,M), with respect to the indices i
and αr.
Let M˜ be the submanifold of Jr(T,M), whose coordinates are only
x(r−1) = (xk, xkγ1 , x
k
γ1γ2 , . . . , x
k
γ1γ2...γr−1). In these conditions, we deduce the following
important result.
Theorem 1.6 (Geometrical Solution of Generalized Inverse Problem)
If the manifolds T and M are paracompact, then the Cr+1 solutions of the PDEs
system (1.5) can be viewed like harmonic maps on the jet fibre bundle of order one
J1(T, M˜), whose dimension is
p+ (p+ 1)
[
C0p + C
1
p + . . .+ C
r−1
p
]
n,
where dim T = p and dimM = n.
Proof. Obviously, the paracompactness of the manifolds T and M implies the para-
compactness of the jet fibre bundle Jr(T,M) and, implicitly the paracompactness of
M˜ . Moreover, if (x(r−1)) = (xk, xkγ1 , x
k
γ1γ2 , . . . , x
k
γ1γ2...γr−1) are the coordinates of M˜
and (xi(r−1)) = (xiα1α2...αr−1), then the PDEs system (1.5) writes in the form,
xi(r−1)αr = X
(i)
(αr)
(t, x(r−1)).
Now, the theorem 1.3 implies the required result.
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Remark 1.2 In a general approach of the well known inverse problem, we consider
that the previous theorem gives a final geometrical answer for this open problem.
From our point of view, the old classical open problem was not solved because of two
reasons:
i) Firstly, it was incorrectly formulated;
ii) Secondly, almost all attempts of solving this problem used an unsuitable La-
grangian function space of possible solutions.
In our opinion, the inverse problem must be formulated in the following way:
Generalized Inverse Problem: Find a space of Lagrangian functions such that
the C2 solutions of a givenPDEs system to become solutions of the Euler-Lagrange
equations of a Lagrangian on this space.
2 From PDEs system of order one and metrics to
generalized Maxwell and Einstein equations
Let us return to the PDEs system of order one, given by (1.1). The theorem 1.3
ensures us that a C2 map f is a solution of PDEs system (1.1) iff f is a global minimum
point of the energy functional produced by the multi-time Lagrangian L = L
√
h,
whose least squares Lagrangian function L : J1(T,M)→ R is expressed by
L = ‖C−X‖2 = hαβ(tγ)ϕij(xk)xiαxjβ + U (α)(i) (tγ , xk)xiα +Φ(tγ , xk),(2.1)
where U
(α)
(i) = −2hαµϕimX
(m)
(µ) and Φ = h
µνϕrsX
(r)
(µ)X
(s)
(ν).
But, the Lagrangian function L is a natural generalization of the classical La-
grangian of electrodynamics [6], which governs the movement law of a particule placed
concomitantly into a gravitational field and an electromagnetic one. For that reason,
in our generalized context, the Riemannian metric hαβ (resp. ϕij) will have the tem-
poral (resp. spatial) gravitational potential physical meaning, the components X
(α)
(i)
that of electromagnetic potentials on J1(T,M), and F that of the potential function.
In this geometrical-physical context, following the terminology used in [9], we can
introduce
Definition 2.1 The pair (J1(T,M), L), which consists of jet fibre bundle of order
one and a Lagrangian function of the form (2.1), is called the canonical autonomous
metrical multi-time Lagrange space of electrodynamics, attached to the PDEs system
(1.1) and to the Riemannian metrics h and ϕ, and is denoted PDEsEDMLnp .
On the jet fibre bundle of order one J1(T,M), a natural generalized theory of
physical fields, attached to a given multi-time Lagrangian function of electrodynamics
type was recently developed by the second author [9]. Consequently, via the canonical
autonomous metrical multi-time Lagrange space of electrodynamics PDEsEDMLnp ,
we can construct a natural physical field theory, in a general setting, arising only from
the PDEs system (1.1) and two ”a priori” given Riemannian metrics hαβ and ϕij .
Definition 2.2 The multi-time dependent spray (H,G) used in the theorem 1.3 is
called the canonical multi-time dependent spray attached to PDEsEDMLnp .
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Using the canonical multi-time dependent spray (H,G), one naturally induces
a nonlinear connection Γ = (M
(i)
(α)β , N
(i)
(α)j) on J
1(T,M), which is also called the
canonical nonlinear connection of the autonomous metrical multi-time Lagrange space
of electrodynamics PDEsEDMLnp . In this direction, denoting Gi = hαβG(i)(α)β , we
establish the folowing
Theorem 2.1 The canonical nonlinear connection of the autonomous metrical multi-
time Lagrange space of electrodynamics PDEsEDMLnp is determined by the temporal
components
M
(i)
(α)β = 2H
(i)
(α)β =
0
M
(i)
(α)β
and the local spatial components
N
(i)
(α)j =
∂Gi
∂xjγ
hαγ =
0
N
(i)
(α)j − F ijα,
where
0
M
(i)
(α)β= −Hγαβxiγ ,
0
N
(i)
(α)j= γ
i
jkx
k
α, and the d-tensor field
F ijα =
1
2
[
X
(i)
(α)‖j − ϕirX
(s)
(α)‖rϕsj
]
characterizes the helicity of the d-tensor field X
(i)
(α).
To determine the generalized Cartan canonical connection CΓ of the autonomous
metrical multi-time Lagrange space of electrodynamics PDEsEDMLnp , together
with its torsion and curvature local d-tensors, we use the adapted dual bases{
δ
δtα
,
δ
δxi
,
∂
∂xiα
}
⊂ X (E) and {dtα, dxi, δxiα} ⊂ X ∗(E) of the nonlinear connection
Γ, via the formulas
δ
δtα
=
∂
∂tα
−M (j)(β)α
∂
∂xjβ
δ
δxi
=
∂
∂xi
−N (j)(β)i
∂
∂xjβ
δxiα = dx
i
α +M
(i)
(α)βdt
β +N
(i)
(α)jdx
j .
(2.2)
In this context, by simple computations, we find
Theorem 2.2 i) The generalized Cartan canonical connection CΓ of the metrical
multi-time Lagrange space PDEsEDMLnp has the adapted components
Hγαβ = H
γ
αβ , G
k
jγ = 0, L
i
jk = γ
i
jk, C
i(γ)
j(k) = 0.
ii) The torsion T of the generalized Cartan canonical connection of the au-
tonomous metrical multi-time Lagrange space of electrodynamics PDEsEDMLnp is
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determined by three adapted local d-tensors, namely,
R
(i)
(α)βγ = −Hµαβγxiµ,
R
(i)
(α)βj =
1
2
[
X
(i)
(α)‖j//β − ϕirX
(s)
(α)‖r//βϕsj
]
,
R
(i)
(α)jk = r
i
jkmx
m
α −
1
2
[
X
(i)
(α)‖j‖k − ϕirX
(s)
(α)‖r‖kϕsj
]
,
where Hµαβγ (resp. r
l
ijk) are the local curvature tensors of the Riemannian metric hαβ
(resp. ϕij), and
X
(i)
(α)‖j//β =
∂X
(i)
(α)‖j
∂tβ
−X(i)(µ)‖jHµαβ ,
X
(i)
(α)‖j‖k =
∂X
(i)
(α)‖j
∂xk
+X
(m)
(α)‖jγ
i
mk −X(i)(α)‖mγmjk.
iii) The curvature R of the generalized Cartan canonical connection of the au-
tonomous metrical multi-time Lagrange space of electrodynamics PDEsEDMLnp is
determined by two adapted local d-tensors, namely, Hδαβγ and R
l
ijk = r
l
ijk, that is,
exactly the curvature tensors of the Riemannian metrics hαβ and ϕij .
Remarks 2.1 i) Both Cartan and Berwald connections on J1(T,M) have the same
adapted components. However, they are two distinct linear connections. This is
because the Cartan connection is a Γ-linear connection while the Berwald connection
is a Γ0-linear one.
ii) Let ”/β”, ”|j” and ”|(β)(j) ” be the local covariant derivatives of the Cartan con-
nection CΓ, and let us consider a distinguished tensor field D = (D
αi(j)(δ)...
γk(β)(l)...), whose
components do not depend on the partial directions xmµ . In these conditions, we
obtain without difficulties that
D
αi(j)(δ)...
γk(β)(l)...!A = D
αi(j)(δ)...
γk(β)(l)...!!A,
where ”!A”, respectively ”!!A”, is one of the local operators ”/β”, ”|j” or ”|(β)(j) ”, re-
spectively ”//β”, ”‖j” or ”‖(β)(j) ”.
iii) The only geometrical objects of PDEsEDMLnp , effectively dependent of the
PDEs system (1.1), are the spatial nonlinear connection components N
(i)
(α)j and the
adapted local torsion d-tensors R
(i)
(α)βj , R
(i)
(α)jk.
In the sequel, following the paper [9], we shall write the generalized Maxwell and
Einstein equations produced by PDEsEDMLnp .
Theorem 2.3 i) The electromagnetic distinguished 2-form of PDEsEDMLnp is
F = F
(α)
(i)jδx
i
α ∧ dxj ,
where
F
(α)
(i)j =
hαµ
2
[
ϕimX
(m)
(µ)‖j − ϕjmX
(m)
(µ)‖i
]
.
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ii) The electromagnetic local components F
(α)
(i)j of the autonomous metrical multi-
time Lagrange space of electrodynamics PDEsEDMLnp are governed by the following
generalized Maxwell equations,

F
(α)
(i)j//β =
1
4
A{i,j}
{
hαµϕim
[
X
(m)
(µ)‖j//β − ϕmrX
(s)
(µ)‖r//βϕsj
]}
∑
{i,j,k} F
(α)
(i)j‖k = 0∑
{i,j,k} F
(α)
(i)j‖
(γ)
(k) = 0,
where A{i,j} represents an alternate sum and
∑
{i,j,k} means a cyclic sum.
Theorem 2.4 i) The gravitational h-potential on J1(T,M), induced by the metrical
multi-time Lagrange space PDEsEDMLnp , is given by the Sasakian-like metric
G = hαβdt
α ⊗ dtβ + ϕijdxi ⊗ dxj + hαβϕijδxiα ⊗ δxjβ .
ii) The generalized Einstein equations which govern the gravitational h-potential G of
PDEsEDMLnp are locally expressed by
(E1)


Hαβ − H + r
2
hαβ = KTαβ
rij − H + r
2
ϕij = KTij
−H + r
2
hαβϕij = KT (α)(β)(i)(j) ,
(E2)


0 = Tαi, 0 = Tiα, 0 = T (α)(i)β
0 = T (β)α(i) , 0 = T
(α)
i(j) , 0 = T
(α)
(i)j ,
where TAB, A,B ∈ {α, i, (α)(i) } represent the components of an intrinsic stress-energy
d-tensor T of matter on J1(T,M), Hαβ (resp. rij) are the components of Ricci tensor
of hαβ (resp. ϕij), and H (resp. r) is the scalar curvature of the Riemannian metric
hαβ (resp. ϕij).
iii) The components Tµβ and Tmj of the stress-energy d-tensor T of the metrical
multi-time Lagrange space PDEsEDMLnp satisfy the classical conservation laws,
T µβ//µ = 0, T mj‖m = 0.
Remark 2.2 The theorems 2.3 and 2.4 emphasize that only the electromagnetic field
F of the PDEsEDMLnp is effectively dependent by the PDEs system (1.1), via the
electromagnetic potentials X
(α)
(i) . Consequently, in order to obtain some information
upon the PDEs system (1.1), via the canonical attached generalized field theory, it is
interesting to study only the electromagnetism generated by this system.
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3 Generalized electromagnetic theory induced by
remarkable PDE systems
In this section we will consider some important particular PDE systems of order
one and we apply them the previous general geometrical and physical results. Taking
into account the remarks 2.1 and 2.2, we will study only the geometrical and physical
objects which are effectively determined by these systems (i.e. , the nonlinear con-
nection, the torsion d-tensors and the electromagnetic field). From this point of view,
we will ignore their attached generalized gravitational theory, because it is dependent
only of the Riemannian metrics used in the construction of the metrical multi-time
Lagrange space PDEsEDMLnp .
3.1 Orbits
Let T = [a, b] ⊂ R, h11(t) = 1 and X(i)(1)(t, xk) = ξi(xk), where ξi(xk) is a d-vector
field on J1([a, b],M). The PDEs system (1.1) becomes
(O)
dxi
dt
= ξi(xk(t)),
that is, the DEs system which gives the orbits of the spatial vector field ξ.
In this context, the C2 orbits of ξ are the global minimum points of the least
squares energy functional
Eξ =
∫ b
a
[
ϕij(x
k)yiyj − 2ξj(xk)yj + ‖ξ‖2(xk)
]
dt,
where yi = xi1 = dx
i/dt, ξj(x
k) = ϕjm(x
k)ξm(xk) and ‖ξ‖2(xk) = ξm(xk)ξm(xk).
Theorem 3.1 i) The canonical nonlinear connection, induced by the system (O) on
J1([a, b],M) ≡ TM , is given by the components
M
(i)
(1)1 = 0, N
(i)
(1)j =
1
2
[
ξi‖j − ϕirξs‖rϕsj
]
.
ii) The torsion T of the generalized Cartan canonical connection, induced by the
differential system (O), is determined only by the local components
R
(i)
(1)jk = r
i
jkmy
m − 1
2
[
ξi‖j‖k − ϕirξs‖r‖kϕsj
]
.
iii) The electromagnetic components of the metrical time-dependent Lagrange space
of electrodynamics, induced by the orbits system (O), have the expressions
F
(1)
(i)j =
1
2
[
ξi‖j − ξj‖i
]
.
Moreover, they are governed by the following generalized Maxwell equations:∑
{i,j,k}
F
(1)
(i)j‖k = 0,
∑
{i,j,k}
F
(1)
(i)j‖
(1)
(k) = 0.
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3.2 Pfaffian systems
LetM = R, ϕ11(x) = 1 andX
(1)
(α)(t
γ , x) = Aα(t
γ), where Aα(t
γ) is a distinguished
1-form on J1(T,R). The C2 solutions of the Pfaffian system
(P ) xα = Aα(t
γ),
are the global minimum points of the least squares energy functional
EA =
∫
T
[
hαβ(tγ)xαxβ − 2Aα(tγ)xα + ‖A‖2(tγ)
]√
hdt,
where xα = x
1
α = ∂x
1/∂tα, Aα(tγ) = hαµ(tγ)Aµ(t
γ) and ‖A‖2(tγ) = Aµ(tγ)Aµ(tγ).
Theorem 3.2 i) The nonlinear connection on J1(T,R), induced by the Pfaffian sys-
tem (P ), has the components
M
(i)
(α)β = −Hµαβxµ, N
(1)
(α)1 = 0.
ii) The only local torsion d-tensor, induced by (P ), which does not vanish is
R
(1)
(α)βγ = −Hµαβγxµ.
iii) The electromagnetic components F
(α)
(1)1, induced by the Pfaffian system (P ),
vanish.
3.3 Continuous groups of transformations
The fundamental PDEs system of a transformations group having the infinitesimal
generators {ξa(xk)}a=1,c, as d-vector fields on J1(T,M), is
(G) xiα =
c∑
a=1
ξia(x
k(tγ))Aaα(t
γ),
where {Aa(tγ)}a=1,c are d-forms on J1(T,M).
Theorem 3.3 The C2 solutions of the PDEs system (G) are the global minimum
points of the least squares energy functional
EξA =
∫
T
[
hαβϕijx
i
αx
j
β − 2Aαaξajxjα+ < Aa, Ab >< ξa, ξb >
]√
hdt,
where
Aαa(tγ) = hαµ(tγ)Aaµ(t
γ),
ξaj(x
k) = ϕjm(x
k)ξma (x
k),
< Aa, Ab > (tγ) = hαβ(tγ)Aaα(t
γ)Abβ(t
γ),
< ξa, ξb > (x
k) = ϕij(x
k)ξia(x
k)ξjb (x
k).
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Theorem 3.4 i) The canonical nonlinear connection on J1(T,M), induced by the
PDEs system (G), is determined by the components
M
(i)
(α)β = −Hµαβxiµ, N
(i)
(α)j = γ
i
jmx
m
α −
Aaα
2
[
ξia‖j − ϕirξsa‖rϕsj
]
.
ii) The local d-torsions which characterize the geometry of J1(T,M), attached to
the PDEs system (G), have the expressions
R
(i)
(α)βγ = −Hµαβγxiµ,
R
(i)
(α)βj =
Aaα//β
2
[
ξia‖j − ϕirξsa‖rϕsj
]
,
R
(i)
(α)jk = r
i
jkmx
m
α −
Aaα
2
[
ξia‖j‖k − ϕirξsa‖r‖kϕsj
]
.
Theorem 3.5 i) The components of the electromagnetic field F of the metrical multi-
time Lagrange space attached to the PDEs system (G), are
F
(α)
(i)j =
Aαa
2
[
ξai‖j − ξaj‖i
]
.
ii) The following generalized Maxwell equations, derived from the PDEs system
(G), hold good: ∑
{i,j,k}
F
(α)
(i)j‖k = 0,
∑
{i,j,k}
F
(α)
(i)j‖
(γ)
(k) = 0.
3.4 Constrained potentials of physical fields
Let (E, pi, T ) be a vector bundle of rank q over the Riemannian temporal
manifold (T, h), whose structural group is the compact Lie orthogonal subgroup
G ⊂ Oq(R). Let {σa}a=1,q be local basis of cross-sections on E, and let us con-
sider g = (gab)a,b=1,q ∈ G, the coordinate transformations of the bundle E.
Let F ∈ Γ(Λ2IT ∗T ⊗ End(E)) be a fixed End(E)-valued 2-form on T , locally
expressed by
F =
∑
1≤α<β≤p
Fαβdt
α ∧ dtβ ,
where the components Fαβ = (F
a
bαβ)a,b=1,q are skew-symmetric matrices (i. e. ,
Fαβ ∈ L(G) ⊂ L(Oq(R)) = o(q), ∀ α, β ∈ {1, . . . , p}). Physically, the cross-section F
is a geometrical model for a given physical field, in Yang-Mills sense. For example, F
can be one of the gravitational, electromagnetic, strong or weak nuclear fields [2].
Let ∇ ∈ Γ(Λ1IT ∗T ⊗ End(E)) be a G-covariant derivative on E, whose locally
described by
∇ = ∇αdtα,
where ∇α = (∇abα)a,b=1,q ∈ L(G) ⊂ o(q), ∀ α ∈ {1, . . . , p}. From a physical point of
view, the G-connection ∇ can be viewed like a possible potential of the physical field
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F . We recall that a potential of the physical field F , in the sense of Yang-Mills, is a
G-connection ∇ on E, which verifies the local identity
Fαβ =
∂∇β
∂tα
− ∂∇α
∂tβ
+∇α∇β −∇β∇α, ∀ α < β ∈ {1, . . . , p}.(3.1)
In the sequel, we will show that the G-potentials ∇ of the given physical field F
are harmonic maps on the jet space J1(T,M), where M = Λ1IT ∗T ⊗ End(E).
To reach this aim, let us suppose that the set of partial derivatives
∂∇α/∂tβ, ∀ α ≤ β verifies the constraints on J1(T,M),
(C)
∂∇α
∂tβ
= fαβ(t
γ ,∇µ), ∀ α ≤ β,
where fαβ(t
γ ,∇µ), ∀ α, β ∈ {1, 2, . . . , p}, are ”a priori” given local components of
a geometrical object on J1(T,M), which, under a multi-temporal reparametrization
(tµ) ↔ (tµ′), transform like the local components ∂∇α/∂tβ, ∀ α, β = 1, p. In this
context, from PDE equations (3.1) we obtain
∂∇α
∂tβ
= ∇α∇β −∇β∇α + fβα(tγ ,∇µ)− Fαβ(tγ), ∀ α > β.
Consequently, the PDE equations (3.1), constrained by (C), can be rewritten in the
equivalent PDEs system form on J1(T,M),
(CPS)
∂∇α
∂tβ
= F(α)(β)(tγ ,∇µ), ∀ α, β = 1, p,
where
F(α)(β)(tγ ,∇µ) =
{
fαβ(t
γ ,∇µ), ∀ α ≤ β
∇α∇β −∇β∇α + fβα(tγ ,∇µ)− Fαβ(tγ), ∀ α > β.
Obviously, the PDEs system (CPS) is equivalent to
(CPS′)
∂∇abβ
∂tα
= Fab(α)(β)(tγ ,∇µ), ∀ α, β = 1, p, ∀ a, b = 1, q.
Taking into account the Riemannian structure induced from T on Λ1IT ∗ T ,
< dtα ∧ dtβ , dtµ ∧ dtν >= hαµhβν − hβµhαν ,
and the well known Riemannian metric on the Lie algebra o(q),
< A,B >= −Tr(ABt), ∀ A,B ∈ o(q),
we can endow the vector bundle M = Λ1IT ∗T ⊗End(E)→ T with a natural Rieman-
nian structure, on each fibre.
Now, applying the ideas of this paper to the PDEs system (CPS′), we obtain the
following important result:
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Theorem 3.6 Every G-potential ∇ of the physical field F , which verifies the con-
straints (C), is a harmonic map on J1(T,M), being global minimum point of the
least squares Lagrangian L = L
√
h, where the Lagrangian function L is defined by
L = hαβhµν
{
∂∇baα
∂tµ
−Fba(α)(µ)
}{
∂∇abβ
∂tν
−Fab(β)(ν)
}
.
Remarks 3.1 i) The least squares Lagrangian function L from the previous theorem
is more general than the Yang-Mills Lagrangian function, whose expression is
YM = hαβhµνF baαβF
a
bµν .
Consequently, the Euler-Lagrange equations of the least squares Lagrangian L may
be called the jet-extension of the Yang-Mills equations. Moreover, the G-connections,
that verify the PDEs system (CPS′), may be called jet-harmonic Yang-Mills connec-
tions.
ii) The use of the least squares Lagrangian in the study of PDEs systems, allows a
natural approach of the multi-time geometric dynamics, in terms of computer simu-
lation [13], [21]. Via the multi-time geometric dynamics and its computer simulation
induced by a given PDEs system of order one, it is possible to obtain an original geo-
metrical classification of these systems. This study of classification is in our research
group attention.
Open problem. What is the real physical meaning of our geometrical theory?
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